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DNA torsion dynamics is essential in the transcription process; a simple model for it, in reasonable agree-
ment with experimental observations, has been proposed by Yakushevich �Y� and developed by several au-
thors; in this, the nucleotides �the DNA subunits made of a sugar-phosphate group and the attached nitrogen
base� are described by a single degree of freedom. In this paper we propose and investigate, both analytically
and numerically, a “composite” version of the Y model, in which the sugar-phosphate group and the base are
described by separate degrees of freedom. The model proposed here contains as a particular case the Y model
and shares with it many features and results, but represents an improvement from both the conceptual and the
phenomenological point of view. It provides a more realistic description of DNA and possibly a justification for
the use of models which consider the DNA chain as uniform. It shows that the existence of solitons is a generic
feature of the underlying nonlinear dynamics and is to a large extent independent of the detailed modeling of
DNA. The model we consider supports solitonic solutions, qualitatively and quantitatively very similar to the
Y solitons, in a fully realistic range of all the physical parameters characterizing the DNA.
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I. INTRODUCTION

The possibility that nonlinear excitations—in particular,
kink solitons or breathers—in DNA chains play a functional
role has attracted the attention of biophysicists as well as
nonlinear scientists since the pioneering paper of Englander
et al. �1�, and the works by Davydov on solitons in biological
systems �2�.

A number of mechanical models of the DNA double chain
�3� have been proposed over the years, focusing on different
aspects of the DNA molecule and on different biological,
physical, and chemical processes in which DNA is involved.
A discussions of such attempts is given in the book by Yaku-
shevich �4� and in the review paper by Peyrard �5� �see also
the conference �6��.

The structure and functioning of DNA are described, e.g.,
in �7–9�. See also �6,10� for the role of nonlinear dynamics
modeling in the understanding of DNA, and �11–13� for
DNA single-molecule experiments �14�.

In recent years, two models have been extensively studied
in the nonlinear physics literature; these are the model by
Peyrard and Bishop �15� �and the extensions of this formu-
lated by Dauxois �16� and later on by Barbi, Cocco, Peyrard,
and Ruffo �17,18�; see also Cocco and Monasson �19�. More
recent advances are discussed in �5,20–23�� and the one by
Yakushevich �24�; we will refer to these as the PB and the Y
models, respectively.

Original versions of these models are discussed in �25�;
they are put in perspective within a “hierarchy” of DNA
models in �26�. An attempt to blend together the two is given

in �27�; see also �28�. Interplay between radial and torsional
degrees of freedom is considered more organically in
�17,18�.

The PB model is primarily concerned with DNA denatur-
ation, and describes degrees of freedom related to “straight”
�or “radial”� separation of the two helices which are wound
together in the DNA double helical molecule. On the other
hand, the Y model—on which we focus in this paper—is
primarily concerned with rotational and torsional degrees of
freedom of the DNA molecule, which play a central role in
the process of DNA transcription �29�.

In this model, one studies a system of nonlinear equations
which in the continuum limit reduce to a pair of sine-Gordon
type equations; the relevant nonlinear excitations are kink
solitons—which are solitons in both the dynamical and topo-
logical sense—which describe the unwinding of the double
helix in a “bubble” of about 20 bases.

The main interests of the model lies in the identification
of this unwound bubble with the transcription region �30�.
The proposal of Englander et al. �1� was that if the nonlinear
excitations are not created or forced by the RNA polymerase
�RNAP� but are anyway present due to the nonlinear dynam-
ics of the DNA double helix itself, a number of
questions—in particular, concerning energy flows—receive a
simple explanation. Thus their model, and subsequent ones
continuing their research, are not concerned with the DNA-
RNAP complex, but the dynamics of the DNA double helix
alone.

The Y model has been studied in a number of papers, in
particular for what concerns its solitonic solutions; see in
particular �26,27,31–34�. It has been shown that it gives a
correct prediction of quantities related to small amplitude
dynamics, such as the frequency of small torsional oscilla-
tions; and also of quantities related to fully nonlinear dynam-
ics, such as the size of solitonic excitations describing tran-
scription bubbles �4,25�. Moreover, in its “helicoidal”
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version, it provides a scenario for the formation of nonlinear
excitation out of linear normal modes lying at the bottom of
the dispersion relation branches �25�. On the other hand, it is
not capable of providing a satisfactory prediction for other
quantities: in particular, if we try to fit the observed speed of
transversal waves along the chain �4�, this is possible only
upon assuming unphysical values for the coupling constants
�26�.

The Y model is also a very simple one, and adopts very
strong simplifying assumptions �of the same kind as in the
PB model�. In particular, two quite strong features of the
models are that: �a� there is a single �angular� degree of
freedom for each nucleotide; and �b� all bases are considered
as identical.

These are in a sense at the basis of the success of the
model, in that thanks to these features the model can be
solved exactly and one can check that predictions allowed by
the model correspond to the real world situations for certain
specific quantities. But the features mentioned above are of
course not in agreement with the real situation.

Indeed, it is well-known that bases are quite different
from each other, and in particular purines are much bigger
than pirimidines; hence feature �b�—albeit necessary for an
analytical treatment of the model—is definitely unrealistic.
Moreover, it is quite justified to consider several groups of
atoms within a single nucleotide �the phosphodiester chain,
the sugar ring, and the nitrogen base� as substantially differ-
ent subunits; but these—in particular, the sugar ring—have
some degree of flexibility, and what is more they have a
considerable freedom of displacement—in particular, for
what concerns torsional and rotational movements—with re-
spect to each other. Thus, even in a simple modeling, feature
�a� is not justified per se, and it seems quite appropriate to
consider several subunits within each nucleotide. In this
sense, we will speak of a composite Yakushevich �Y� model
�35�.

In this work we propose and study a composite Y model
�in the sense mentioned above�, in which we describe the
state of each nucleotide by two independent angular degrees
of freedom, one related to the sugar-phosphate group and one
to the nitrogen base.

It will turn out that the Y model, which can be considered
as a particular case of our model, captures to a large extent
�this will be made more precise in the following� the essen-
tial features of DNA nonlinear dynamics.

On the other hand, the more realistic geometry of the
composed model enables a drastic improvement of the de-
scriptive power of the model at both the conceptual and the
phenomenological level: the composite Y model keeps al-
most all the relevant features of the Y model, but it allows
for a more realistic choice of the physical parameters.

The different degrees of freedom we use will play a fun-
damentally different role in the description of DNA nonlinear
dynamics. The backbone degrees of freedom are “topologi-
cal” and play to some extent a more relevant role, in that the
solitons are mainly associated to them; while those associ-
ated to the base are “nontopological” and represent small
oscillations. These different roles are specially clear when we
consider the limit in which our model reduces to the standard
Y model �see Sec. VIII�, in which only the topological de-
grees of freedom are present.

This opens an interesting possibility—which we will dis-
cuss elsewhere—i.e., to consider more realistic models, in
which differences among bases are properly considered, as
perturbations of our idealized uniform model. As the essen-
tial features of the fully nonlinear dynamics are related only
to backbone degrees of freedom, such a perturbation—albeit
with a relevant difference in the quantitative values of some
parameters entering in the model �the base dynamical and
geometrical parameters�—should show the same kind of
nonlinear dynamics as our uniform model studied here.

Finally, it should be mentioned that the model studied
here disregards nonconservative effects in DNA dynamics;
these are known to be relevant, as DNA is actually an over-
damped system subject to random forces arising from inter-
actions with its environment; however, in our opinion an
understanding of DNA dynamics per se should be reached
before attempting to model also its rather complex interac-
tions with the environment.

The paper is organized as follows. In Sec. II we will
briefly review some basic facts about the DNA structure and
modeling. In Secs. III and IV we will set up our model,
describe the interaction, and write down the equations of
motions that govern its dynamics. The physical parameters
characterizing our model are discussed in Sec. V. In Sec. VI
we discuss the linear approximation of our dynamical sys-
tem, in particular its dispersion relations. In Sec. VII we will
set up the framework for the investigation of the nonlinear
dynamics and the topological excitations of our model. In
Sec. VIII, we will show how the Y model and Y solitons
emerge as a particular case of our composite Y model and its
solitons. In Sec. IX we investigate and derive numerically
the solitonic solutions of our model. Finally in Sec. X we
summarize our work and present our conclusions. We also
give an Appendix where we write down some explicit ex-
pressions which we felt were not appropriate for inclusion in
the main text but could be of interest to the specialized
reader.

II. DNA STRUCTURE AND MODELING

In this section we recall some basic facts about DNA
structure, directly relevant to the model to be considered, and
the interactions considered by our model; see �7–9� for more
details on DNA structure and behavior.

We will refer for definiteness to the standard conforma-
tion of the molecule �B-DNA�; in this the pitch of the helix
corresponds to ten base pairs, and the distance �measured
along the axis of the helix� between successive base pairs is
�=3.4 Å.

DNA is a gigantic polymer, made of two helices wound
together. The general structure of each helix can be described
as follows �see also Fig. 1�. The helix is made of a sugar-
phosphate backbone, to which bases are attached. The back-
bone has a regular structure consisting of repeated identical
units �sugar-phosphate groups, also called backbone units in
the following�, consisting of a segment of the phosphodiester
chain and a sugar ring �two carbon atoms being part of both
the chain and the ring�; bases are attached to a specific site
on the sugar ring and are of four possible types. These are
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either purines, i.e., adenine �A� or guanine �G�, or pyrim-
idines, i.e., cytosine �C� or thymine �T�. It should be noted
that the bases are rather rigid structures, and have an essen-
tially planar configuration. A unit of each helix, i.e., the com-
plex of a backbone unit and the attached base, is called a
nucleotide.

The structure of the double helix makes that to each base
on the one helix corresponds a base on the other helix, hence
we have base pairs. Each base has only a possible partner in
a base pair, the �Watson-Crick� base pairs being A-T and
G-C. Bases in a pair are linked together via hydrogen bonds
�two for A-T pairs, three for G-C pairs�. The base pairs can
be “opened” quite easily, the dissociation energy for each
H-bond being of the order of 0.04 eV, hence �E
�0.1±0.02 eV per base pair. Opening is instrumental to a
number of processes undergone by DNA, among which no-
tably transcription, denaturation, and replication.

The atoms on each helix are of course held together by
covalent bonds; apart from these, other interactions should
be taken into account when attempting a description of the
DNA molecule.

�1� The backbone structure has some rigidity; in particu-
lar, it would resist movements which represent a torsion of
one backbone unit with respect to neighboring ones. We will
refer to the interaction responsible for the forces resisting
these torsions as torsional interactions.

�2� As already mentioned, the two bases composing a base
pair are linked together by hydrogen bonds; we will refer to
the interaction mediated by these as pairing interactions.

�3� Each base interacts with neighboring bases on the
same chain via electrostatic forces �bases are strongly polar�;
these make energetically favorable the conformation in
which bases are regularly stacked on top of each other, and
therefore are referred to as stacking interaction.

�4� Finally, water filaments—thus, essentially, bridges of
hydrogen bonds—link units at different sites �these are also
known as Bernal-Fowler filaments �2��. In particular, they
have a good probability to form between nucleotides which
are a half-turn of the helix apart on different chains, i.e.,
which are near to each other in space due to the double helix
geometry; these water filaments-mediated interactions are
therefore also called helicoidal interactions �36�. We stress
that these are quite weaker than other interactions, and can
be safely overlooked when we consider the fully nonlinear
regime. They are instead of special interest when discussing
small amplitude �low energy� dynamics, as they remove a
degeneration and moreover—just because of their
weakness—are easily excited and introduce a length scale in
the dispersion relations �see below�.

If we consider deviations from the equilibrium configura-
tions, motions will not be completely free: the molecule is
densely packed in space, and the presence of the sugar-
phosphate backbone—and of neighboring bases—will cause
steric hindrances to the base movements. In particular, for
the rotations in a plane perpendicular to the double helix
axis, the bases will not be able to rotate around the C1 atom
for more than a maximum angle �0 without colliding with
the sugar-phosphate group.

This will lead of course to complex behaviors as the DNA
helix gets unwound; in particular, as � gets near to its limit
value �0 we expect some kind of essentially �if not math-
ematically� discontinuous behavior. This should not be seen
as a shortcoming of the model: it is indeed well-known that
bases rotate in a complex way while flipping about the DNA
axis �see, e.g., �37��.

Finally, we mention that here we consider a DNA mol-
ecule without taking into account its macroconformational
features; that is, we consider an “ideal” molecule, disregard-
ing supercoiling, organization in histones, and all that �7�.

III. COMPOSITE Y MODEL

As mentioned above, we will model the molecule as made
of different parts �units�, each of them behaving as a single
element, i.e., as a rigid body. We consider each sugar-
phosphate group N, i.e., segment of the phosphodiester chain
together with a sugar, as a unit �backbone unit�, to which a
base B �considered again as a single unit� is attached.

We will model each of the helices in the DNA double
chain as an array of elements �nucleotides� made of two sub-
units; one of these subunits models the sugar-phosphate
group N, the other the nitrogen base B. We will consider the
bases as all equal, thus disregarding the substantial differ-
ence between them �38�. The chains—and thus the arrays—
will be considered as infinite.

FIG. 1. The structure of a DNA helix. The figure shows a nucle-
otide and the PO4 group in the next one, to emphasize the period-
icity of the sequence; nitrogen bases are attached to the C1 atom in
the sugar ring.
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We will use a superscript a=1,2 to distinguish elements
on the two chains, and a subscript i�Z to identify the site on
the chains. Thus at site i on chain a we will have the back-
bone unit Ni

�a� and the base Bi
�a�. The base pairing will be

between bases Bi
�1� and Bi

�2�, while stacking interaction will
pair base Bi

�a� to bases Bi+1
�a� and Bi−1

�a� .
We will consider each backbone unit Ni

�a� as a disk; bases
will be seen as disks themselves, with a point on the border
of Bi

�a� attached via an inextensible rod �modeling the bond�
to a point pc on the border of Ni

�a�; these points on B and N
represent the locations of the N atom on B and of the C1
atom on N involved in the chemical bond attaching the base
to the sugar-phosphate group �the points pc on the two bases
in a pair are denoted, for graphical convenience, as B and B�
in Fig. 2�. The rod can rotate at most by an angle ±�0; on the
other hand, the disk N can rotate completely around its axis.

We also single out a point ph on the border of the disk
modeling the base; this represents the atom�s� which form
the H bond with the corresponding base on the other DNA
chain �the points ph on the two bases in a pair are denoted—
again for graphical convenience—as C and C� in Fig. 2�. The
disks �i.e., the elements of our model� are subject to different
kinds of forces, corresponding to those described above: tor-
sional forces resisting the rotation of one disk Ni

�a� with re-
spect to neighboring disks Ni+1

�a� and Ni−1
�a� on the same chain;

stacking forces between a base Bi
�a� and neighboring bases

Bi+1
�a� and Bi−1

�a� on the same chain; pairing forces between
bases Bi

�1� and Bi
�2� in the same base pair; and finally, heli-

coidal forces correspond to hydrogen bonded Bernal-Fowler
filaments linking bases Bi

�1� and Bi±5
�2� �and Bi

�2� and Bi±5
�1� �.

We are primarily interested in the torsional dynamics.
Thus for each element we will consider torsional move-
ments, hence a rotation angle �with respect to the equilibrium
conformation�; these will be denoted as �i

�a� for the backbone
unit Ni

�a�, and �i
�a� for the base Bi

�a�. Only these rotations will
be allowed in our model. All angles will be positive in coun-
terclockwise sense.

The angles � represent a torsion of the sugar-phosphate
backbone with respect to the equilibrium configuration; thus
they are related to unwinding of the double helix. On the
other hand, the angles � represent a rotation of the base with
respect to the corresponding backbone unit �we stress the
fact that we are considering only rotations in the plane per-
pendicular to the axis of the double helix�; the presence of
backbone atoms constrains rotation of the base and hence the
range of � �39�. Thus, as mentioned above, the angles will
have a different range of values:

�i
�a� � R, �i

�a� � �− �0,�0��0 � � . �3.1�

It should be stressed that—just on the basis of these dif-
ferent ranges of variations—there will be a substantial differ-
ence between the degrees of freedom described by the
angles: those described by � angles will be topological de-
grees of freedom, while those described by � angles will
only describe local and �relatively� small motions—hence �
describe nontopological degrees of freedom.

IV. THE LAGRANGIAN

We will now translate the above discussion into a La-
grangian defining our model. This will be written as

L = T − �Ut + Us + Up + Uh� , �4.1�

where T is the kinetic energy, and Ua are the potential ener-
gies for the different interactions listed above, i.e., Ut is the
backbone torsional potential; Us is the stacking potential; Up
is the pairing potential; and Uh is the helicoidal potential.

These interactions will be modeled by two-body poten-
tials, for which we use the notation Va, to be summed over
all interacting pairs in order to produce the Ua.

We denote by I the moment of inertia �around center of
mass� of disks modeling the backbone units, and by IB the
moment of inertia of bases around the C1 atom in the sugar
ring; as the bases cannot rotate around their center of mass,
IB=mr2 where m is the base mass and r is the distance be-
tween the C1 atom in the sugar and the center of mass of the
base.

A. Kinetic energy

In computing the kinetic energy, it will be convenient to
consider Cartesian coordinates. With reference to Fig. 2, the
Cartesian coordinates in the �x ,y� plane orthogonal to the
double helix axis of relevant points will be as follows.

The center of disks, representing the position of the phos-
phodiester chain, will be �xo

�a� ,yo
�a��; the point on the border

of the disks representing the C1 atom to which the base disks
are attached will be �xc

�a� ,yc
�a��. The center of mass of the

bases will be �xb
�a� ,yb

�a��, and the point on the border of the
disks modeling bases representing the atom�s� forming the H
bonds will be �xh

�a� ,yh
�a��.

In terms of the �� ,�� angles, these are given by �we omit
the site index i for ease of writing, and give condensed for-
mulas for the two chains, with first sign referring to chain 1�:

FIG. 2. A base pair in our model. The origin of the coordinate
system is O. The angles �1 between the lines AO and AB and �2

between A�O and A�B� correspond to torsion of sugar-phosphate
backbone with respect to the equilibrium B-DNA conformation; the
angles �1 between the line AB and the line BC, and �2 between
A�B� and B�C� correspond to rotation of bases around the C1–N
bond linking them to the nucleotide. All angles are in counterclock-
wise direction; thus the angles �2 and �2 in the figure are negative.
Points B and B� correspond to pc in the main text; points C and C�
correspond to ph in the main text.
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xo
�1,2� = � a, yo

�1,2� = 0;

xc
�1,2� = xo

�1,2� ± R cos���1,2��, yc
�1,2� = ± R sin���1,2��;

xb
�1,2� = xc

�1,2� ± r cos���1,2� + ��1,2�� ,

yb
�1,2� = yc

�1,2� ± r sin���1,2� + ��1,2��;

xh
�1,2� = xc

�1,2� ± dh cos���1,2� + ��1,2�� , �4.2�

yh
�1,2� = yc

�1,2� ± dh sin���1,2� + ��1,2�� .

Here and in the following we denote by R the radius of disks
describing backbone units, i.e., the length of the segments
AB and A�B� in Fig. 2 �this is the distance from the phos-
phodiester chain to the C1 atom�; and by r the distance be-
tween the center of mass of bases and the border of the disk
modeling the backbone unit �i.e., the C1 atom�. We also de-
note by dh the lengths �supposed equal� of the segments BC
and B�C� joining the C1 atom on the sugar-phosphate group
and the atoms of the bases forming the hydrogen bond link-
ing this to the complementary base. The parameter a corre-
sponds to the distance between the double helix axis and the
phosphodiester chain, whereas �0 is the distance between
points C and C� in the equilibrium configuration. The previ-
ous parameters are obviously related by the equation 2a
=2R+2dh+�0.

With this notation, and standard computations, the kinetic
energy of each nucleotide is written as

Ti
�a� =

1

2
�mr2�̇2 + 2mr�r + R cos ���̇�̇

+ �I + mB�R2 + r2� + 2mRr cos ���̇2� ,

where we have suppressed super- and subscripts for ease of
reading. Thus the total kinetic energy for the double chain is

T = �
a

�
i

Ti
�a� =

1

2�
a

�
i

�mr2��̇i
�a��2

+ 2mr�r + R cos��i
�a����̇i

�a��̇i
�a� + „I + mB�R2 + r2�

+ 2mRr cos��i
�a��…��̇i

�a��2� . �4.3�

B. Potential terms

So far we have actually considered a general class of
composite Y models, in that we have not specified the inter-
action potentials, which are needed to have a definite model.

We have now to specify our model by fixing analytical
expressions for the potentials in Eq. �4.1�. As one of our aims
is to compare the results obtained by a composite Y model
with those obtained with the simple Y model, we will make
choices with the same physical content as those made by
Yakushevich.

1. Torsional interactions

Torsional forces will depend only on difference of angles
�measured with respect to the equilibrium configuration� of

neighboring units on the same phosphodiester chain; thus

Ut = �
a

�
i

Vt��i+1
�a� − �i

�a�� . �4.4�

The potential Vt must have a minimum in zero and be
2�-periodic in order to take into account the fundamentally
discrete and quantum nature of the phosphodiester chain.
Here we will take the simplest such function �40�, i.e., �add-
ing an inessential constant so that the minimum corresponds
to zero energy�,

Vt�x� = Kt�1 − cos�x�� , �4.5�

where Kt is a dimensional constant. Thus our choice for tor-
sional interactions will be

Ut = Kt�
a

�
i

�1 − cos��i+1
�a� − �i

�a��� . �4.6�

The harmonic approximation for this is of course

Ut
q =

1

2
Kt�

a
�

i

��i+1
�a� − �i

�a��2.

2. Stacking interactions

Stacking between bases will only depend on the relative
displacement of neighboring bases on the same helix in the
plane orthogonal to the double helix axis �41�. That is, we
have

Us = �
a

�
i

Vs�	i
�a�� , �4.7�

where

	i
�a�

ª
	�xi+1

�a� − xi
�a��2 + �yi+1

�a� − yi
�a��2, �4.8�

where xi
�a�, yi

�a� are the coordinates of the center of mass of
the bases. The simplest choice corresponds to a harmonic
potential �42�, Vs= �1/2�Ks	

2. This will be our choice, which
again corresponds to the one made in the PB and in the Y
models, so that

Us = �
a

�
i

Ks

2
�	i

�a��2. �4.9�

We should, however, express this in terms of the � and �
angles. With standard algebra, using Eq. �4.2�, we obtain

Us =
1

2
Ks�

a
�

i

2�R2 + r2 − R2 cos��i+1
�a� − �i

�a��

− r2 cos���i+1
�a� − �i

�a�� + ��i+1
�a� − �i

�a���

− Rr„cos���i+1
�a� − �i

�a�� + �i+1
�a� � + cos���i+1

�a� − �i
�a�� − �i

�a��…

+ Rr„cos��i+1
�a� � + cos��i

�a��…‡ . �4.10�

3. Pairing interactions

Pairing interactions are due to stretching of the hydrogen
bonds linking bases in a pair. Introducing a paring potential
Vp which models the H bonds, we have
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Up = �
i

Vp��i
�1�,�i

�2�,�i
�1�,�i

�2�� . �4.11�

We note that H bonds are strongly directional, so that they
are quickly disrupted once the alignment between pairing
bases is even partially lost. This feature is traditionally dis-
regarded in the Y model, where it is assumed that Vp only
depends on the distance

�i ª
	�xi

�1� − xi
�2��2 + �yi

�1� − yi
�2��2 �4.12�

between the interacting bases �43�; that is,

Up = �
i

Vp��i� . �4.13�

As for the potential Vp, there are two simple choices for
this appearing in the literature. On the one hand, Yakush-
evich �24� suggests to consider a potential harmonic in the
intrapair distance � �this would appear nonlinear when ex-
pressed through rotation angles� and this has been kept in
subsequent discussions and extensions of her model �4�. On
the other hand, Peyrard and Bishop �15� consider a Morse
potential; again this has been kept in subsequent discussions
and extensions of their model �5�.

There is no doubt that the Morse potential is more justi-
fied in physical terms; however, as we wish to compare our
results with those of the original Y model, we will at first
consider a harmonic potential

Vp
�Y���� =

1

2
Kp�� − �0�2, �4.14�

where �0 is the intrapair distance in the equilibrium configu-
ration. Moreover, again in order to compare our results with
those of the original Y model, we will later on set �0=0. This
corresponds to setting a=R+dh.

These approximations can appear very crude, but experi-
ence gained �actually as preliminary work for the present
investigation� with the standard Yakushevich model �44,45�
suggests they do not have a great impact at the level of fully
nonlinear dynamics.

We should express Vp in terms of the rotations angles.
Using once again the expression �4.2�, we have with standard
computations that

�i
2
ª �xi

�1� − xi
�2��2 + �yi

�1� − yi
�2��2 = 2†2a2 + R2 + dh

2

+ R2 cos��i
�1� − �i

�2�� + dh
2 cos���i

�1� − �i
�2�� + ��i

�1� − �i
�2���

+ Rdh„cos �i
�1� + cos �i

�2� + cos���i
�1� − �i

�2�� + �i
�1��

+ cos���i
�1� − �i

�2�� − �i
�2��… − 2aR„cos��i

�1�� + cos��i
�2��…

− 2adh„cos��i
�1� + �i

�1�� + cos��i
�2� + �i

�2��…‡ . �4.15�

With this, our choice for the pairing part of the Hamiltonian
will be

Up = �
i

Vp��i� . �4.16�

4. Helicoidal interactions

As mentioned above, helicoidal interaction are mediated
by water filaments �Bernal-Fowler filaments �2�� connecting
different nucleotides; in particular, we will consider those
being on opposite helices at half-pitch distance, as they are
near enough in three-dimensional space due to the double
helical geometry. As the nucleotide moves, the hydrogen
bonds in these filaments—and those connecting the filaments
to the nucleotides—are stretched and thus resist differential
motions of the two connected nucleotides.

We will, for the sake of simplicity and also in view of the
small energies involved, only consider filaments forming be-
tween backbone units; thus only the � angles will be in-
volved in these interactions. We have therefore, introducing a
helicoidal potential Vh and recalling that the pitch of the
helix corresponds to ten bases in the B-DNA equilibrium
configuration we are considering,

Uh = �
i

Vh��i+5
�1� − �i

�2�� + Vh��i+5
�2� − �i

�1�� . �4.17�

As the angles � are involved, the potential Vh should be
2�-periodic �46�.

Such water filament connections involve a large number
of hydrogen bonds �around ten�; hence each of them is only
slightly stretched, and it makes sense to consider the angular-
harmonic approximation

Vh�
� = Kh�1 − cos�
�� �
1

2
Kh
2. �4.18�

Our choice will therefore be

Uh = Kh�
i

�2 − cos��i+5
�1� − �i

�2�� − cos��i+5
�2� − �i

�1��� .

�4.19�

C. Equations of motion

In the previous sections we have set up the model, both
for the geometry and the interactions; we will now study its
dynamics. We denote collectively the variables as �a, with
�= ���1� ,��2� ,��1� ,��2��. The dynamics of the model will be
described by the Euler-Lagrange equations

�L

��i
a −

d

dt

�L

��̇i
a

= 0, �4.20�

corresponding to the Lagrangian �4.1�.
We stress again �as already mentioned in the Introduction�

that the model studied here—as all models of DNA dynamics
in the literature—disregards nonconservative effects in DNA
dynamics. As is well-known, DNA in the living cell is em-
bedded in a fluid environment; due to interaction with this,
the DNA molecule is subject to random forces, and its mo-
tion is �over�damped. Purely mechanical models of DNA aim
at reaching an understanding of DNA dynamics per se,
which is preliminary to attempts of modeling the complex
DNA/environment interactions.

The equation of motion �4.20�—shown explicitly in the
Appendix, see Eq. �A1�—is far too complex to be analyzed
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directly, and we will need to introduce various kinds of ap-
proximation.

We would like to stress that the choice of torsion angles as
variables to describe our dynamics led to involved expres-
sions, but our choices are very simple physically. We have in
fact considered “angular harmonic” approximations �expan-
sion up to first Fourier mode� i.e., potentials of the form
V�x�= �1−cos�x�� for the torsion and helicoidal interactions,
harmonic approximation for the base stacking interaction,
and a harmonic potential depending on the intrapair distance
for the pairing interaction.

It should also be stressed that our approximations are co-
herent with those considered in the literature when dealing
with uniform models of the DNA chain, and in particular
when dealing with �extensions of� the Yakushevich model.
Thus when comparing the characteristic of our model with
those of these other models, we are really focusing on the
differences arising from considering separately the backbone
unit and the base within each nucleotide.

It would of course be possible to consider more realistic
expressions for the potentials; but we believe that at the
present stage this would rather obscure the relevant point
here, i.e., the discussion of how such “composite” models
can retain the remarkable good features of the Y model and
at the same time overcome some of the difficulties encoun-
tered by this.

V. PHYSICAL VALUES OF PARAMETERS

We should still assign concrete values to the parameters—
both geometrical ones and coupling constants—appearing in
our Lagrangian �4.1� and in the equation of motion �A1�
when the model is applied to DNA.

A. Kinematical parameters

Let us start by discussing kinematical parameters; in these
we include the geometrical parameters as well as the mass m
and the moment of inertia I.

The masses can be readily evaluated by considering the
chemical structure of the bases. They can be calculated just
by knowing masses of the atoms and their multiplicity in the

different bases. As for the geometrical parameters like R, a,
r, and dh �and the moment of inertia I�, quite surprisingly
different authors seem to provide different values for these.
Rather than assuming the values given by one or another
author, we have preferred to estimate the parameters using
the available information about the DNA structure. The po-
sition of atoms within the bases �which of course determine
R, a, r, and dh, and hence I� and geometrical descriptions of
DNA are widely available to the scientific community in the
form of PDB files �47�. We will use this information �which
we accessed at �48,49�� to estimate directly all static param-
eters in play on the basis of the atomic positions.

The geometrical parameters which are relevant for our
discussion are the longitudinal width of bases lb and of the
sugar ls, the distances of the bases from the relative sugars
ds, and the distance of a base from the relative dual base db.
We give our estimates for the masses, moments of inertia,
and the parameters l, ds, and db for the different bases and
their mean values in Table I. From those data and using the

equations R= ls, r= d̂s+ l̂b /2, dh= l̂b+ d̂s, and a= ls+ l̂b+ d̂s

+ d̂b /2 �hats denote mean values�, one obtains the average
values for the geometrical parameters appearing in our La-
grangian, given in Table II.

B. Coupling constants

The determination of the four coupling constants appear-
ing in our model is more problematic, due partly to the dif-
ficulties in making experiments to test single coupling con-
stants, and partly to the complexity of the system itself.

1. Pairing

The coupling constant Kp, which appears in the pairing
potential �4.16� can be easily determined by considering the

TABLE I. Order of magnitude for the basic geometrical parameters of the DNA. Units of measure are
atomic unit for masses m, 1.67�10−47 Kg m2 for the inertia momenta I, angstrom for l, ds, and db, respec-
tively, the longitudinal width of bases and their distances from the relative sugars and from the relative dual
base. These values have been extracted from the sample “generic” B-DNA PDB data �49�, kindly provided by
the Glactone Project �50�, and double checked with the data from �48�, that agree within 5%. Inertia momenta
of bases has been evaluated with respect to rotations about the DNA’s symmetry axis passing through the
sugar’s C1 atom the base is attached to; the inertia momentum of the sugar itself has been evaluated with
respect to rotations about its C3-C4 axis �see Fig. 1�.

A T G C Mean Sugar

m 134 125 150 110 130 85

I 3.6�103 3.0�103 4.4�103 2.3�103 3.3�103 1.2�102

l 3.2 4.0 5.0 2.4 4.7 3.3

ds 1.5 1.5 1.5 1.5 1.5

db 2.0 2.0 2.0 2.0 2.0

TABLE II. Numerical values of the geometrical parameters
characterizing our model.

R
�Å�

r
�Å�

dh

�Å�
a

�Å�

3.3 3.8 6.2 10.5
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typical energy of hydrogen bonds. The pairing interaction
involves two �in the A-T case� or three �in the G-C case�
electrostatic hydrogen bonds. The pairing potential can be
modeled with a Morse function

Vp�x� = D�e−bd�x,x0� − 1�2 =
1

2
�2Db2��� − �0�2 + O��3� ,

�5.1�

where D is the potential depth, � the distance from the equi-
librium position �0, and b a parameter that defines the width
of the well. Although throughout this paper we use the har-
monic potential �4.16� to model the pairing interaction, the
use of the Morse function seems more appropriate for evalu-
ating the parameter Kp. The point is that the pairing coupling
constant is physically determined by the behavior of the pair-
ing potential away from its minimum. Using the harmonic
approximation �4.16� for estimate Kp would result in a com-
pletely unphysical value for the parameter.

Different estimates of the parameters appearing in the po-
tential �5.1� are present in the literature. The estimates

DAT = 0.030 eV, DGC = 0.045 eV,

bAT = 1.9 Å−1, bGC = 2.5 Å−1

are given in �51� and used in �52�. The values

D = 0.040 eV, b = 4.45 Å−1

are given in �53� and used in �17,53,54�. Finally, the esti-
mates

DAT = 0.050 eV, DGC = 0.075 eV, bAT = bGC = 4 Å−1

are given in �55� and used in �55,56�. The values of coupling
constants corresponding to these different values for the pa-
rameters appearing in the Morse potential range across a
whole order of magnitude:

3.5 N/m 
 Kp ª 2b2D 
 38 N/m. �5.2�

In our numerical investigations we will use a value of Kp
near the lower bound given in Eq. �5.2�; that is, we adopt the
value Kp=4 N/m, leading to an optical frequency of �0

=	2Kp /m=36 cm−1, so to be in agreement with �57�.

2. Stacking

The determination of the torsion and stacking coupling
constants is more involved and rests on a smaller amount of
experimental data. The main information is the total torsional
rigidity of the DNA chain C=S�, where �=3.4 Å is the base-
pair spacing and S is the torsional rigidity. It is known
�58,59� that

10−28 J m 
 C 
 4 � 10−28 J m. �5.3�

This information is used, e.g., in �1,60�, whose estimate is
based on the evaluation of the free energy of superhelical
winding; this fixes the range for the total torsional energy to
be

180 kJ/mol 
 S 
 720 kJ/mol. �5.4�

On the other hand, data about base flipping in DNA se-
quences indicate lower values of total free energy, of about
80 kJ/mol �37�. In this paper we will use for evaluating
stacking and torsional coupling constants the highest of the
two lower bound values, namely that coming from torsional
rigidity results. Lower values for the torsion and stacking
coupling constants will leave our results qualitatively un-
changed, in particular, the system will remain well inside the
stability region for the existence of solitons.

In our composite model the total torsional energy of the
DNA chain has to be considered as the sum of two parts, the
base stacking energy and the torsional energy of the sugar-
phosphate backbone. In order to extract the stacking cou-
pling constant we use the further information that �–�
stacking bonds amount at the most to 50 kJ/mol �61�. As-
suming a quadratic stacking potential, as we do, and a width
of the potential well of about 2 Å we obtain the estimate
Ks=68 N/m. The phonon speed induced by this is c1
=�	Ks /m�6 km/s, see Eq. �6.10�; this is rather close to the
the estimate of 1.8 km/s
c1
3.5 km/s given in �26�.

As we shall see in detail in Sec. IX, choosing smaller
values for Ks would have nontrivial consequences since soli-
tons with small topological numbers become unstable in the
discrete setting when the ratios Ks /Kp and Kt /Kp get small
enough �see Sec. IX�. In particular, this value for
Ks—together with the Kt below—is barely enough to allow
the existence of solitons, as discussed later on in this paper.

3. Torsion and helicoidal couplings

After extracting the stacking component, our estimate for
the torsional coupling constant Kt is in the range

130 kJ/mol 
 Kt 
 670 kJ/mol. �5.5�

Assuming �see below� that Kh�Kt /25, so that c4=	2Kt / Is
�see Eqs. �6.9� and �6.10��, all of these values for Kt induce
phonon speeds slightly higher with respect to the estimates
cited above, between 5 and 11 km/s. For our numerical in-
vestigations, to keep the phonon speed as low as possible, we
will set Kt=130 kJ/mol.

Finally, for the helicoidal coupling constant, following
�62�, we assume that Kt and Kh differ by about a factor of 25,
so that Kh=5 kJ/mol.

4. Discussion

It is interesting to point out how the geometry of the
model nicely fits with the estimates of the binding energies
so to induce optical frequencies and phonon speeds of the
right order of magnitude �see also the discussion in Sec. VI�.
This is not the case in simpler models, where in order to get
the right phonon speed within a simple Y model one is
obliged to assume for Kt the unphysical value Kt
=6000 kJ/mol �26�.

Our estimates, and hence our choices for the values of the
coupling constants appearing in our model, are summarized
in Table III. We will use these values of the physical param-
eters of DNA in the next sections, when discussing both the
linear approximation and the dispersion relations as well as
the full nonlinear regime and the solitonic solutions.
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VI. SMALL AMPLITUDE EXCITATIONS AND DISPERSION
RELATIONS

In this section we will investigate the dynamical behavior
of our model for small excitations in the linear regime. We
will enforce the Yakushevich condition R+dh=a in order to
keep the calculations and their results as simple as possible
�see also �45��.

Linearizing the equation of motion �A1� around the equi-
librium configuration

�i
�a� = �i

�a� = �̇i
�a� = �̇i

�a� = 0, �6.1�

we get with standard algebra,

mr2�̈i
�a� + m�rR + r2��̈i

�a�

= Ks��rR + r2���i+1
�a� − 2�i

�a� + �i−1
�a� � + r2��i+1

�a� − 2�i
�a�

+ �i−1
�a� �� − Kp��a − R�2��i

�a� + �i
�â��

+ a�a − R���i
�a� + �i

�â���;

m�rR + r2��̈i
�a� + �I + m�R + r�2��̈i

�a� = Kt��i+1
�a� − 2�i

�a� + �i−1
�a� �

+ Ks�r + R���R + r���i+1
�a� − 2�i

�a� + �i−1
�a� � + r��i+1

�a� − 2�i
�a�

+ �i−1
�a� �� − Kp��a2 − aR���i

�a� + �i
�â�� + a2��i

�a� + �i
�â���

+ Kh��i+5
�â� − 2�i

�a� + �i−5
�â� � . �6.2�

We are mainly interested in the dispersion relations for the
propagating waves, which are solution of the system �6.2�.
To derive them it is convenient to introduce variables ��±�

and ��±� defined as

�i
± =

1

2
��i

�1� ± �i
�2��, �i

± =
1

2
��i

�1� ± �i
�2�� . �6.3�

Let us now Fourier transform our variables, i.e., set

�n
±�t� = Fk�

± exp�i�k�n + �t��; �n
±�t� = Gk�

± exp�i�k�n + �t�� .

�6.4�

Here, k is the spatial wavenumber, � is the wave frequency,
and � is a parameter with dimension of length and set equal
to the interpair distance ��=3.4 Å�, introduced so that k has
dimension �L�−1 and the physical wavelength is �=2� /k. In
this way, we should only consider k� �−� /� ,� /��.

Using Eqs. �6.3� and �6.4� into �6.2�, we get a set of linear
equations for �Fk�

± ,Gk�
± �; each set of coefficients with indices

�k ,�� decouples from other wavenumber and frequency co-
efficients, i.e., we have a set of four-dimensional systems
depending on the two continuous parameters k and �. This is
better rewritten in vector notation as

M�k� = 0, �6.5�

where �k� is the vector of components

�k� = �Fk�
+ ,Fk�

− ,Gk�
+ ,Gk�

− � �6.6�

and M is a four by four matrix which we omit to write
explicitly.

In order to simplify the calculations we will set to zero the
radius of the disk modeling the base, i.e., dh=r. As in our
model the disk describing the base cannot rotate around its
axis, this assumption does not modify the physical outcome
of the calculations.

The condition for the existence of a solution to Eq. �6.5�
is the vanishing of the determinant of M. By explicit com-
putation one finds that the equation 
M
=0 has four solu-
tions, given by

�1
2 = 4�Ks/m�sin2�k�/2� ,

�2
2 = 4�Kt/I�sin2�k�/2� + 2�Kh/I��1 + cos�5k��� ,

�3
2 = 2�Kp/m� + 4�Ks/m�sin2�k�/2� ,

�4
2 = 4�Kt/I�sin2�k�/2� + 4�Kh/I�sin2�5k�/2� . �6.7�

Equations �6.7� provide the dispersion relations for our
model.

Physically, the four dispersion relations correspond to the
four oscillation modes of the system in the linear regime.
The relation involving �1 describes relative oscillations of
the two bases in the chain with respect to the neighboring
bases. As �1�k�→0 for k→0 there is no threshold for the
generation of these phonon mode excitations.

The relations involving �2 and �4 are associated with
torsional oscillations of the backbone. In case of �2 there is
a threshold for the generation of the excitation originating in
the helicoidal interaction, whereas the second torsional mode
�4 has no threshold and is thus also of acoustical type. The
dispersion relation involving �3 describes relative oscilla-
tions of two bases in a pair. The threshold for the generation
of the excitation is now determined by the pairing interac-
tion.

The dispersion relations �6.7� for values of the physical
parameters given in Tables I and III are plotted in Fig. 3;
there we plot � / �2�c�, where c is the speed of light �we use
the, in the literature widespread, convention of measuring
frequencies in 2�c units� versus k� /2.

The four dispersion relations take a simple form if we
consider excitations with wavelength � much bigger than the
intrapair distance, i.e., ���; this corresponds to the �→0
limit. We have then

��
2 − c�

2k2 = q�
2 , �6.8�

where c� and q� ��=1¯4� are, respectively, the velocity of
propagation �in the limit k�q�� and the excitation threshold.
They are given by

c1 = �	Ks/m, q1 = 0;

c2 = �	�Kt − 25Kh�/I, q2 = 2	Kh/I;

TABLE III. Values of the coupling constants for our DNA
model.

Kt

�kJ/mol�
Ks

�N/m�
Kp

�N/m�
Kh

�kJ/mol�

130 68 3.5 5
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c3 = �	Ks/m, q3 = 	2Kp/m;

c4 = �	�Kt + 25Kh�/I, q4 = 0. �6.9�

Using the values of the parameters given in Tables I and III
we have

c1 = 6.1 km/s, q1 = 0;

c2 = 0 km/s, q2 = 22 cm−1;

c3 = 6.1 km/s, q3 = 36 cm−1;

c4 = 5.1 km/s, q4 = 0, �6.10�

where c2=0 comes from the fact that we are taking Kt
�25Kh �see Table III�. This of course just means that c2 is at
least an order of magnitude smaller than the other ci—and
therefore negligible. Speeds can be converted to base per
seconds by dividing each ci by �=3.4 Å; excitation thresh-
olds can be converted in inverse of seconds by multiplying
each qi by 2�c, where c is the speed of light.

VII. NONLINEAR DYNAMICS AND TRAVELING WAVES

After studying the small amplitude dynamics of our
model, we should now investigate the fully nonlinear dynam-
ics. We are in particular interested in soliton solutions, and
on a physical basis they should have—if the model has any
relation with real DNA—a size of about 20 base pairs. This

also means that such solutions vary smoothly on the length
scale of the discrete chain, and we can pass to the continuum
approximation. On the other hand, such a smooth variance
assumption is not justified on the length scales �five base
pairs� involved in the helicoidal interaction, and one should
introduce nonlocal operators in order to take into account
helicoidal interactions in the continuum approximation �25�.

Luckily, numerical experiments show that—at least in the
case of the original Yakushevich model—soliton solutions
are very little affected by the presence or otherwise of the
helicoidal terms �as could also be expected by their intrinsi-
cal smallness, in a context where they cannot play a qualita-
tive role as for small amplitude dynamics� �25�. Thus we will
from now on simply drop the helicoidal terms, i.e., set Kh
=0.

A. Continuum approximation and field equations

The continuum description of the discrete model we are
considering requires one to introduce fields ��a��z , t� ,��a�

��z , t� such that

��a��n�,t� � �n
�a�, ��a��n�,t� � �n

�a�. �7.1�

The continuum approximation we wish to consider is the
one where we take

��a��x ± �,t� � ��a��x,t� ± ��x
�a��x,t� + �1/2��2�xx

�a��x,t� ,

��a��x ± �,t� � ��a��x,t� ± ��x
�a��x,t� + �1/2��2�xx

�a��x,t� .

�7.2�

Inserting Eq. �7.2�, and taking Kh=0, into the Euler-
Lagrange equations �A1�, we obtain a set of nonlinear
coupled partial differential equations �PDEs� for ��a��x , t�
and ��a��x , t�, depending on the parameter �. Coherently
with Eq. �7.2�, we expand these equations to second order in
� and drop higher order terms.

The equations we obtain in this way are symmetric in the
chain exchange. We will be able to decompose their solu-
tions into a symmetric and an antisymmetric part under the
same exchange. In view of the considerable complication of
the system, it is convenient to deal directly with the equa-
tions for these symmetric and antisymmetric parts and to
enforce the Y contact approximation R+dh=a.

The full equations in the symmetric case, i.e., for

��1��x,t� = ��2��x,t� = ��x,t�, ��1��x,t� = ��2��x,t� = ��x,t�
�7.3�

and in the antisymmetric case

��1��x,t� = − ��2��x,t� = ��x,t� , �7.4�

��1��x,t� = − ��2��x,t� = ��x,t�

are still quite complex and are not reported here �they are
given in Appendix, see Eqs. �A2� and �A3�, respectively�. We
will not consider the cases of mixed symmetry.

FIG. 3. Graph of the dispersion relations �6.7� in the first Bril-
louin zone. We plot �� / �2�c� �c is the speed of light� as a function
of k� /2. The �1, �2, �3, and �4 are represented, respectively, by
the thin continuous, thick continuous, thick dashed, and thin dashed
line. Units are cm−1 in the vertical axis and radiants in the horizon-
tal axis.
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B. Soliton equations

When studying DNA models, one is specially interested
in traveling wave solutions, i.e., solutions depending only on
zªx−vt with fixed speed v:

��a��x,t� = ��a��x − vt� ª ��a��z� , �7.5�

��a��x,t� = ��a��x − vt� ª ��a��z� .

If we insert the ansatz �7.5� into Eqs. �A2� and �A3�, we
get a set of four coupled second order ordinary differential
equations �ODEs�; defining

� ª �mv2 − Ks�
2�, J ª �Iv2 − Kt�

2� , �7.6�

we obtain in the completely symmetric case �A2�

�r2�� + �r�r + R cos ����

= − 2aKp�a − R�sin�� + �� + Ks�
2Rr sin�������2

− R sin����− 2Kp�a − R� + mrv2����2�;

�r�r + R cos ���� + �J + ��R2 + r2 + 2Rr cos �����

= − 2aKp�R sin � + �a − R�sin�� + ���

+ �Rr sin��������2 + 2����� . �7.7�

In the completely antisymmetric case �A3�, we get instead

�r2�� + �r�r + R cos ����

= − 2Kp�a − R��a − R cos � − �a − R�cos�� + ���

�sin�� + �� − �Rr�sin ������2;

�r�r + R cos ���� + �J + ��R2 + r2 + 2Rr cos �����

= − Kp†2aR sin � − R2 sin�2�� + �a − R��2a sin�� + ��

− �a − R�sin�2�� + ��� − 2R sin�� + 2���‡

+ �rR�sin �������2 + 2����� . �7.8�

The previous equations appear too involved to be studied
analytically at least in the general case. Numerical results are
discussed in Sec. IX below. Some understanding at the ana-
lytical level can be gained by considering a particular case of
the full equations �7.7� and �7.8�, when the system reduces
essentially to the Y case. Section VIII is devoted to this.

C. Boundary conditions

We have so far just discussed the field equations �A2� and
�A3� and their reductions; however, these PDEs make sense
only once we specify the function space to which their solu-
tions are required to belong. The natural physical condition is
that of finite energy; we now briefly discuss what it means in
terms of our equations and the boundary conditions it im-
poses on their solutions.

The field equations �A2� and �A3� are Euler-Lagrange
equations for the Lagrangian obtained as a continuum limit
of Eq. �4.1�. In the present case, the finite energy condition
corresponds to requiring that for large �z� the kinetic energy
vanishes and the configuration corresponds to points of mini-

mum for the potential energy. The condition on kinetic en-
ergy yields

�t�±�,t� = 0, �t�±�,t� = 0, �7.9�

where of course �t�±� , t� stands for limz→±� �t�z , t�, and so
for �t.

As for the condition involving potentials, by the explicit
expression of these, see above, this means �with the same
shorthand notation as above�

��±�,t� = 0, ��±�,t� = 2n±� ,

�z�±�,t� = 0, �z�±�,t� = 0. �7.10�

Let us now consider the reduction to traveling waves, i.e.,
Eqs. �7.7� and �7.8�. In this framework, conditions �7.9� and
�7.10� imply we have to require the limit behavior described
by

��±�� = 0, ��±�� = 2n±� ,

���±�� = 0, ���±�� = 0, �7.11�

for the functions ����, ����. The solutions satisfying Eq.
�7.11� can be classified by the winding numbers nªn+−n−.

We would like to stress that Eqs. �7.7� and �7.8� can also
be seen as describing the motion �in the fictitious time �� of
point masses of unit mass, whose position has coordinates
���� ,����, in an effective potential. Such a motion can sat-
isfy the boundary conditions �7.11� only if �� ,��= �0,2�k� is
a point of maximum for the effective potential. This would
provide the condition ��0 and hence a maximal speed for
soliton propagation �as also happens for the standard Y
model�; we will not discuss this point here, as it is no varia-
tion with the standard Y case, and the condition ��0 is
satisfied with the values of parameters obtained and dis-
cussed in Sec. V.

A similar discussion also applies to the full equations, i.e.,
those in which we have not selected any symmetry of the
solutions; in this case we have two winding numbers �n1 ,n2�,
which we can associate to ���1� ,��2��. When describing the
solutions in terms of the symmetric and antisymmetric com-
binations �±= �1/2����1�±��2��, we will have

�+�±�� = 2p±�, �−�±�� = 2q±� , �7.12�

whereas p± ,q± may assume both integers or half-integers
values, owing to the 1/2 factor in the definition of �±. Cor-
respondingly, in these coordinates we will use the notation
�p ,q�, with p= p+− p− , q=q+−q−, to indicate the soliton. No-
tice that whereas the winding numbers n1 ,n2 are integers,
p ,q may also assume half-integers values.

VIII. COMPARISON WITH THE YAKUSHEVICH MODEL

The geometry of the standard Y model �24� can be recov-
ered as a limiting case of our model. As we considered here
physical assumptions which correspond to those by Y in her
geometry, a direct comparison of the results of our model
with those of the standard Y model is obtained in this limit.
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The standard Y model can be obtained as a limiting case
of our composite model in two conceptually different ways.

�1� A first possibility, which we call parametric �or geo-
metric�, is to choose the geometrical parameters of the model
so that its geometry actually reduces to that of the standard Y
model.

�2� A second possibility, which we call dynamical is to
force the dynamics of our model by setting �a=0, i.e., by
freezing the nontopological angles and constraining them to
be zero; equivalently, by setting the limit angle �0=0.

Let us briefly discuss these in some more detail. The para-
metric way consists in setting to zero the radius of the disks
modeling the bases, and at the same time pushing it on the
disk representing the backbone unit on the DNA chain. In
this way the base corresponds to a point on the circle bound-
ing the disk representing the backbone unit. Note that this
would cause a change in the interbase equilibrium distance,
unless we at the same time also change the radius of the disk
representing the backbone unit.

This limiting procedure corresponds—recalling we also
want to recover the Y approximation of zero interbase
distance—to the following choice of the parameters:

m = Ks = dh = r = 0, a = R . �8.1�

Note that once the base has been pushed on the disk, its mass
is part of the disk’s mass—and hence contributes to its mo-
ment of inertia—and we can thus just take m=0. Similarly,
as the bases have lost their identity and are enclosed in the
disk modeling the whole nucleotide, the effective stacking
interaction has to be physically identified with the torsional
interaction of the disk now modeling the entire nucleotide.
For this reason in our equations we will take Ks=0 and Kt

→ K̃s. Use of Eqs. �8.1� into the equations of motion �A1�
yields

I�̈i
�a� = K̃s sin��i−1

�a� − �i
�a�� + K̃s sin��i+1

�a� − �i
�a��

+ KpR2 sin��i
�a� − �i

�â�� + Kh��i+5
�â� − 2�i

�a� + �i−5
�â� � .

�8.2�

The previous equations represent the equations of motions
for the standard Y model.

Some care has to be used when the values of the param-
eters given by Eq. �8.1� correspond to singular points of the
equations. This is, for instance, the case of the dispersion
relations �1,�3 in Eqs. �6.7�, which are singular for m=0.
The dispersion relations for the Y model can be easily found
by linearizing the system �8.2�. One finds two dispersion
relations; one is given by �2 of the composite model, see
Eqs. �6.7�; the other is

�2 = 2R2Kp

I
+

4Ks

I
sin2
 k�

2
� +

4Kh

I
sin2
5k�

2
� . �8.3�

Let us also discuss the dynamical reduction. To obtain the
Y model dynamically from our model, we set �=0 into the
continuum equations �A2� and �A3�. We also enforce the Y

condition R+dh=a and work in the zero radius approxima-
tion for the disk modeling the base, i.e., set r=dh.

In the fully symmetric case we get from Eqs. �A2�

m�tt = − 2Kp sin��� + �2Ks�xx;


 I

�R + r�2 + m��tt = − 2Kp sin � + �2� Kt

�r + R�2 + Ks��xx.

�8.4�

Compatibility of the previous two equations requires that

I�tt = �2Kt�xx. �8.5�

In the case of traveling wave solutions ��x , t�=��x−vt� the
constraint �8.5� reads

v2 =
�2

I
Kt. �8.6�

We take from now on the positive determination of veloc-
ity for ease of discussion. Using Eqs. �7.5�, �7.6�, and �8.6�,
Eqs. �8.4� yield the traveling wave equation,

�� = − 2�Kp/�0�sin � , �8.7�

where

�0 = �mKt − IKs�
�2

I
. �8.8�

With the usual boundary conditions ���±��=0, ����
=2�, ��−��=0, Eq. �8.7� has a solution for �0�0, given
precisely by the �1, 0� Yakushevich soliton

� = 4 arctan�e�z�, � = 	2Kp��0� . �8.9�

We have thus recovered for the topological angles—
imposing the vanishing of nontopological angles as an exter-
nal constraint—the Y solitons.

The condition for the existence of the soliton, �0�0, im-
plies that the physical parameters of our model must satisfy
the condition

Kt

I
�

Ks

m
. �8.10�

With the parameter values given in Tables I and III, we have

mKt

IKs
� 0.3 � 1; �8.11�

hence Eq. �8.10� is satisfied and we are in the region of
existence of the soliton.

It should be stressed that in the standard Y model the
traveling waves speed is essentially a free parameter, pro-
vided the speed is lower than a limiting speed �62,63�. Here,
by recovering the standard Y model as a limiting case of the
composite model we had a selection of the soliton speed, see
Eq. �8.6�. This makes sense physically, as it coincides with
the speed of long waves determined by the dispersion rela-
tions �6.9�.
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IX. NUMERICAL ANALYSIS OF SOLITON EQUATIONS
AND SOLITON SOLUTIONS

Even after the several simplifying assumptions we made
for our DNA model, the complete equations of motions
given by Eqs. �A2� and �A3�, respectively, for symmetric and
antisymmetric configurations, are too complex to be solved
analytically; the same applies to the reduced equations �7.7�
and �7.8� describing soliton solutions. We will thus look for
solutions, and, in particular, for the soliton solutions we are
interested in, numerically.

In order to determine the profile of the soliton solutions
we will analyze the stationary case, with zero speed and
kinetic energy, and apply the “conjugate gradients” algorithm
�see, e.g., �64,65�� to evaluate numerically the minima of our
Hamiltonian.

This approach also allows a direct comparison with the
results obtained for the standard Yakushevich model, and
shown in �26�, where authors proceed in the same way and
by means of the same numerical algorithm. In this way, once
again, we emphasize the differences which are due purely to
the different geometry of our “composite” model.

With the same motivation, we have also checked our nu-
merical routines by applying them to the standard Y model;
in doing this we have also considered with some care—and
fully confirmed—certain nontrivial effects mentioned in
�26�.

A. Solitons in the composite Y model

We will consider the case when the intrapair distance at
the equilibrium is zero, i.e., we will set a=r+dh �contact
approximation�. Notice that we are not considering the zero-
radius approximation for the bases, so that in general r�dh.

The Hamiltonian of the system can be easily derived from
the Lagrangian �4.1� and is given by

H = TB + Tb + Vt + Vs + Vp + Vh + Vw. �9.1�

We use the shorthand notation

�i = �i
+, � = �i

−, �i = �i
+, �i = �i

−;

�i� = �i+1 − �i, Si� = �i+1 + �i;

and similarly for the other variables; we also write

� = R/r, � = R/dh;

with the values given in Table I, it results �=0.92, �=0.53.
The explicit expressions for the different terms of the Hamil-
tonian are easily obtained, and are reported for the sake of
completeness in the Appendix, see Eq. �A4�.

Note that we have inserted in the Hamiltonian the confin-
ing potential Vw in order to implement dynamically the con-
straint �3.1� for the nontopological angles ��a�. Adding this
term in the potential is also instrumental in stabilizing the
numerical minimizations.

The Hamiltonian �9.1� reduces to that of the Yakushevich
model setting �=�=0 �and disregarding the helicoidal term�;
in this case Vt and Vs differ just by a multiplicative function.
See the Appendix for details.

The typical energies involved in the different interactions
are given by the coefficients in Eq. �A4�, Et=2Kt, Es

= 1
2Ksr

2, Ep= 1
2Kpdh

2, Eh=Kh, and Ew=Kw; these represent, re-
spectively, the typical torsional, stacking, pairing, helicoidal,
and confining energies. Using the values of the physical pa-
rameters given in Tables I and III, and choosing Ew in order
to keep the confining energy at least a full order of magni-
tude smaller than any other one, we get for the typical inter-
action energies the values given in Table IV.

In order to work with dimensionless quantities, through-
out this section we will measure energies in terms of Ep
= �1/2�Kpdh

2=4.0�102 kJ/mol. Using the values of the kine-
matical parameters given in Table II and those of the dy-
namical parameters given by Table III, the dimensionless
coupling constants turn out to be

gt = Et/Ep = 0.65, gs = Es/Ep = 7.2, gp = 1,

gh = Eh/Ep = 0.026, gw = Ew/Ep = 0.001. �9.2�

Note that Eq. �A5� implies that, in the limit �=�=0, the
Yakushevich couplings �K ,g� and our coupling constants are
related by

K = 2�1 + ��2gp, g = 2gt + 4�1 + ��2gs; �9.3�

this also yields

g

K
=

gt + 2�1 + ��2gs

�1 + ��2gp
�

gt + 7.4gs

2.3gp
� 23. �9.4�

We obtain an approximate profile of a soliton, subject to
the boundary conditions �7.11�, by minimizing numerically
the Hamiltonian through the “conjugate-gradient” algorithm,
in particular, through its implementations in the GSL �65�
and in the Numerical Recipes �64�.

To enforce a particular topological type for the soliton
under study we fix the angles at the extremes of the chain
using the boundary conditions �7.12�: �−�=�−�=0 and �+�

=2�p, �+�=2�q, while the nontopological angles are re-
quested to be identically zero at the extremes. As a “starting
point” for the algorithm �see above� we use the natural
choice �26�

�i = �p�1 + tanh„��2i − N�…� ,

�i = �q�1 + tanh„��2i − N�…� ,

�i = �i = 0, �9.5�

where � is a parameter used to adjust the profile of the initial
configuration �the starting point� and N is the number of sites
on the chain. The number N is of course much smaller than

TABLE IV. Values of the typical energies characterizing the
different interactions in the Hamiltonian of Eq. �A4�.

Et

�kJ/mol�
Es

�kJ/mol�
Ep

�kJ/mol�
Eh

�kJ/mol�
Ew

�kJ/mol�

2.6�102 2.9�103 4�102 10 4�10−1
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in real DNA �usually N=4000 in our simulations� but large
enough to ensure that � and � are constant at the beginning
and the end of the chain within the numerical precision of
our computations.

There is a threshold for the coupling constants that must
be passed for the solitons to be stable. We have observed that
these instabilities strongly depend on the lattice size, and
even on using an even or odd number of sites. In Fig. 4 we
show the region of instability for solitons in the �gt ,gs� plane
when we fix the values of the other coupling constants to be
gh=0.026, gp=1, and gw=0.001.

We always reach the same minimum—within 10−5 in the
energy and 10−2 in the angle—while � varies across almost
two orders of magnitude, provided that ��4 to avoid falling
on the step solution.

In Fig. 5 we plot the �p ,q�= �0,1� soliton of our model,
corresponding to topological winding numbers �n1 ,n2�= �1,
−1� soliton of our model, with the physical values of the
normalized coupling constants given by Eq. �9.2� and com-
pare them with those obtained for the Yakushevich model.
The profiles of the topological angles change very little from
the corresponding profiles of the Yakushevich solitons.

B. Dependence on the parameters

We have also investigated the deformation of soliton pro-
files when adjusting selected parameters of our Hamiltonian.

First, in order to see how the shape of the soliton changes
upon increasing the strength of the torsional/stacking inter-
actions, in Fig. 6 we compare the profiles of case �p ,q�
= �1,0�, corresponding to the soliton with �n1 ,n2�= �1,1�,

FIG. 5. Stationary solitonic solutions of our model with energy E=80.06Ep �thick line� with �p ,q�= �0,1�, corresponding to topological
winding numbers �n1 ,n2�= �1,−1�, compared with the solitonic solutions of the Yakushevich model of energy E=75.56Ep �thin line�. Upper
left �a�: the angle �; upper right �b�: the angle �; lower left �c�: the angle �; and lower right �d�: the angle �. The thin line segments visible
in �b� show the small difference between the profile of the solitons of our model and of the Yakushevich model.

FIG. 4. Region of instability �black region� for the discrete soli-
tons of topological type �0, 1� in the �gt ,gs� plane.

CADONI, DE LEO, AND GAETA PHYSICAL REVIEW E 75, 021919 �2007�

021919-14



with profiles corresponding to g /K�150 �see Eq. �9.4��, i.e.,
the coupling constant used in �26�.

As it is not completely clear how to separate the interac-
tion strength between torsional and stacking interactions �for
our choice of physical constants in Sec. V�, we have used
about the smallest reasonable value for Kt. We present the
profiles corresponding to the two extreme possibilities: the
one in which we put all the strength in the backbone tor-
sional interaction �gt=345, gs=0�, and the one in which we
put all of it in the bases stacking �gt=0, gs=46�. The effect is
the widening of both the soliton and the nontopological pro-
files by roughly a factor of 4 in the first case and of a factor
of 2 in the second case.

In Fig. 7 we compare the profiles of case �p ,q�
= �1/2 ,1 /2�, corresponding to the soliton with �n1 ,n2�
= �1,0�, with those obtained by using the correct distance
function for Vp, namely by replacing gp�2 with gp��
−d0 /dh�2 �where d0�2 Å is the equilibrium distance be-
tween two bases in a pair �66��, and by varying the helicoidal
interaction term. No relevant changes are detected in the first
case: relative differences in energies and angles are of the
order of 10−2 in energy and 10−1 in the angles; even increas-
ing the base-pairs distances by two orders of magnitude these
results do not modify the situation.

As for the helicoidal term, we get variations of the same
order of magnitude as above if we simply turn it off. If we

FIG. 6. Stationary solitonic solutions of our model with �p ,q�= �1,0�, corresponding to topological winding numbers �n1 ,n2�= �1,1�, for
different values of the normalized couplings. The angle � is depicted on the left whereas � is depicted on the right. The soliton relative to
the physical coupling constants with energy E=189.9Ep �thick line� is shown together with those relative to the coupling constants gt=0,
gs=46 with energy E=492.4Ep �thin dashed line� and gt=345, gs=0 �thin line, E=388.5Ep� to show how the profile would change at the
increasing of the coupling constants in the two extreme cases of negligible torsional or stacking interactions.

FIG. 7. Comparison of stationary solitonic solutions of our model for �p ,q�= �1/2 ,1 /2�, corresponding to topological winding numbers
�n1 ,n2�= �1,0�, with those obtained using a modified pairing potential Vp. Upper left �a�: the angle �; upper right �b�: the angle �; lower left
�c�: the angle �; and lower right �d�: the angle �. The thick line represents a soliton of our model with E=80.06. The thin dashed line gives
the profile for the same soliton with energy E=74.41Ep and with the “correct” pairing potential Vp=gp��−d0 /dh�2. The latter solitonic
solution has been derived taking d0=3.2dh, namely an order of magnitude bigger than its physical value, to enhance the profile differences
�an almost identical profile is obtained if we suppress the helicoidal term from the Hamiltonian�. The thin continuous line �E=102.9Ep� is
the profile we get by increasing the helicoidal term to gh=1. Finally, we show a detail of the step present at the center of the soliton in the
angles � �e� and � �f� together with the respective nontopological angles; as expected, the sugar angles slightly jump, exactly at the moment
when the bases hit the sugars and bounce back.
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instead increase the coupling constant by one order of mag-
nitude �gh=0.26�, then we get energy and angles changes of
the order of 10−1 and by increasing it to gh=1 we arrive at
changes of the order of 100 in both the angles and the energy.

Raising gh up to gh=2 leads to the disappearance of the
soliton; it seems reasonable to argue that this is due to such
an interaction favoring a sharper transition between limit be-
haviors, so that the discreteness effect discussed in the pre-
vious section arises.

C. Discussion

The numerical analysis we have performed shows the ex-
istence of solitonic solutions of our composite DNA model.
The profiles of the topological solitons—in particular, the
part relating to the topological degree of freedom—of our
model are both qualitatively and quantitatively very similar
to those of the Y model. This means that the most relevant
�for DNA transcription� and characterizing feature of the
nonlinear DNA dynamics present in the Y model is preserved
by considering geometrically more complex and hence more
realistic DNA models.

Moreover, the topological soliton profiles of our model
seem to change very little when either the physical param-
eters change in a reasonable range or also the form of the
potential modeling the pairing interaction is modified to a
more realistic form. In particular, the form of the topological
solitons are very little sensitive to the interchange of tor-
sional and stacking coupling constant.

This feature adds other reasons why the Y model, al-
though based on a strong simplification of the DNA geom-
etry, works quite well in describing solitonic excitations. The
Y model, indeed, does not distinguish between torsional and
stacking interaction; but, as we have shown, this distinction
is not relevant—at least as long as one is only interested in
the existence and form of the soliton solutions.

The “compositeness” of our model becomes relevant—
and rather crucial—when it comes on the one hand to allow-
ing the existence of solitons together with requiring a physi-
cally realistic choice of the physical parameters
characterizing the DNA, and on the other hand to have also
predictions fitting experimental observations for what con-
cerns quantities related to small amplitude dynamics, such as
transverse phonons speed. In other words, the somewhat
more detailed description of DNA dynamics provided by our
model allows it to be effective—with the same parameters—
across regimes, and provide meaningful quantities in both
the linear and the fully nonlinear regime. The solitonic solu-
tions of the composite model share also another feature with
those of the Y model, namely the presence of a numerical
instability.

We expect that the model considered here is the simplest
DNA model describing rotational degrees of freedom which,
with physically realistic values of the coupling constants and
other parameters, allows for the existence of topological soli-
tons and at the same time is also compatible with observed
values of bound energies and phonon speeds in DNA.

X. SUMMARY AND CONCLUSIONS

Let us, in the end, summarize our discussion and the re-
sults of our work, and state the conclusions which can be
drawn from it.

A. Summary and results

Following the work by Englander et al. �1�, different au-
thors have considered simple models of the DNA double
chain—focusing on rotational degrees of freedom—able to
support dynamical and topological solitons �4�, supposedly
related to the transcription bubbles present in real DNA and
playing a key role in the transcription process.

These models usually consider a single �rotational� degree
of freedom per nucleotide �4�, albeit models with one rota-
tional and one radial degree of freedom per nucleotide have
also been considered �17–19,27,28� �as an extension of
“purely radial” models �5,15�, considered in the study of
DNA denaturation�.

A simple model which has been studied in depth is the
so-called Y model �24�. This supports topological solitons �of
sine-Gordon type� and provides correct orders of magnitude
for several physically relevant quantities �25�; on the other
hand, the soliton speed remains essentially a free parameter
�62,63�, and the speed of transverse phonons can be made to
have a physical value only by assigning unphysical values to
the coupling constants of the model �26�.

Here we have considered an extension of the Y model,
with two degrees of freedom—both rotational—per nucle-
otide; one of these is associated to rotations of the backbone
unit �sugar-phosphate group� around the phosphodiester
chain and is topological—i.e., can go around the S1 circle—
while the other is associated to rotations of the attached ni-
trogen base around the C1 atom in the sugar ring, and due to
sterical hindrances is nontopological, i.e., rotations are lim-
ited to a relatively small range around the equilibrium posi-
tion. We denoted this as a “composite Y model.”

Several parameters appear in the model; some of these are
related to the geometry and the kinematics of the DNA mol-
ecule, while others are coupling constants entering in the
potential used to model intramolecular interactions. We have
assigned values to the first kind of parameters from available
direct experimental observations, while for the second kind
of parameters we used experimental data on the ionization
energies of the concerned couplings and the form of the po-
tentials appearing in the model. That is, these parameters
were not chosen by fitting dynamical predictions of the
model; see Sec. V for details.

We have first considered small amplitude dynamics �Sec.
VI�; this yields the dispersion relations and produced some
prediction on the phonon speed and the optical frequency for
the different branches. These prediction are a first success of
the present model, in that it was shown in Sec. VI that one
can obtain—with physical values for the parameters—the or-
der of magnitude of the experimentally observed speed for
transverse phonon excitations and the frequency threshold
for the optical branch.

In particular, we get a value for the transverse phonon
speed which is about three times the “correct” one. It should
be considered, in looking at this value, that we modeled the
intrapair interaction by a very simple and nonrealistic poten-
tial �with the aim of both keeping computations simple and
allowing direct comparison with the standard Y model by
making the same simplifying assumptions as there�. As for
comparison with the standard Y model, hence for an evalu-
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ation of the advantages brought by considering a more ar-
ticulated geometry of the nucleotide, it should be recalled
that the numerical computations of Yakushevich, Savin, and
Manevitch �26� �which we repeated, and fully confirmed�
show that in order to obtain the experimentally observed
speed for transverse phonon excitations in the framework of
the standard Y model, one should take a coupling constant
for the transverse intrapair interaction which is about 6000
times the physical one.

We then passed to consider the fully nonlinear regime,
and in particular to look for solitoniclike traveling excita-
tions. These should have smooth variations on the space
scale of nucleotides, hence we passed to a continuum de-
scription and field equations; by using the chain exchange
symmetry, we considered fully symmetric and antisymmetric
reductions. By a traveling wave ansatz we reduced these to a
system of two coupled second order ODEs for ��z� and ��z�,
see Eqs. �7.7� and �7.8�. Here � is the topological angle, i.e.,
the variable associated to the topological field, and � is the
nontopological angle, i.e., the variable associated to the non-
topological field.

The finite energy conditions �7.9� and �7.10� require that
the solutions to this system of ODEs satisfy certain limit
conditions �see Eq. �7.11��. These in turn imply that solutions
satisfying them can be classified according to two topologi-
cal indices �winding numbers for the topological fields; in
the symmetric or antisymmetric case, one index is enough to
determine the other as well�.

We have also shown that the standard Y model can be
obtained from the composite Y model by a limiting proce-
dure �Sec. VII�; this also reduces the solitons of the compos-
ite model to solitons of the Y model. However, the limiting
procedure requires that a certain condition is satisfied, see
Eq. �8.5�, and this in turn constrains the speed of solitonic
excitations; see Eq. �8.6�. Thus the requirement to obtain the
standard Y solitons in a certain limit fixes the speed of soli-
tons; the resulting speed is just the speed of long waves as
determined by the dispersion relations.

Finally, in Sec. IX we conducted a careful numerical in-
vestigation of the simpler soliton solutions for the composite
Y model. We preliminarily checked our numerical routines
on the standard Y model and fully confirmed the results of
Yakushevich, Savin, and Manevitch �26�, also confirming
certain instability phenomena they reported �furthermore, we
observed these instabilities can also strongly depend on the
lattice size, and even on using an even or odd number of
sites�. We considered the solitons for the composite Y model
with the value of parameters descending from their physical
meaning �i.e., with no parameter fitting�, confirming their
existence, properties, and stability. We also showed how the
profile of the soliton component corresponding to the topo-
logical degree of freedom is extremely similar to the stan-
dard Y soliton with the same topological numbers. We con-
sidered next the stability of these soliton solutions upon
varying the parameters of the model, and observed that as in
the standard Y case there is a stability threshold. Thus the
existence and stability of soliton solutions for physical val-
ues of the parameters is a nontrivial prediction.

B. Discussion and conclusions

The composite Y model considered here retains all the
favorable features of the standard Y model. At the same time,
its more articulated geometry allows at the same time—and
with physical values of the coupling constants and other pa-
rameters entering in the model—to reproduce a relevant
value of physical quantities related to the linear regime �such
as speed of transverse phonon, which was a critical test for
the standard Y model� and support stable soliton solutions.

Further, and at difference with the standard Y model, it
provides a precise prediction for the soliton speed; this is
quite reasonable physically, as it corresponds to the speed of
long waves as obtained from the dispersion relations for the
model. Thus our model passed some—in our opinion,
significant—quantitative tests and provides precise predic-
tions.

It should also be stressed that we used—both to simplify
the mathematics and to have a direct comparison with the
standard Y model—a very simple form for the intrapair cou-
pling potential �and also resorted to the “contact approxima-
tion” to get simpler formulas, again as in the standard Y
model treatment�. It is quite conceivable that adopting a
more realistic potential will provide better estimates of rel-
evant physical quantities, in particular, for quantities related
to the linear regime. However, experience recently gained
with the standard Y model �44,45� suggests that the predic-
tions related to the fully nonlinear regime are rather little
sensitive to the detailed form of the potential and to adopting
or otherwise the contact approximation; we are thus rather
confident that future work with more realistic potentials will
confirm the results obtained in the simple setting considered
here.

Admittedly, the model studied here—as all models of
DNA dynamics in the literature—disregards nonconservative
effects in DNA dynamics; these are known to be relevant, as
DNA is actually an overdamped system subject to random
forces due to interactions with its fluid environment in the
living cell. We believe, however, that an understanding of
DNA dynamics per se should be reached before attempting
to model also its complex interactions with the environment.

Finally, we would like to remark on a very relevant fea-
ture of our model. All the DNA models amenable to analytic
treatment look at homogeneous DNA, albeit the genetic in-
formation lies precisely in the nonhomogeneous part of the
DNA �i.e., the base sequence; bases have rather different
physical and geometrical characteristics�. Our discussion was
no exception, and we considered identical bases with “aver-
age” geometrical and physical characteristics; but, the de-
grees of freedom we considered for each nucleotide are one
concerned with the uniform part of the DNA molecule �the
backbone units�, the other with the nonhomogeneous part
�the base sequence�. Moreover, it turned out that—for what
concerns soliton excitations—the most relevant role is
played by the �topological� variables associated to the uni-
form part, which are directly at play in the topological soli-
tons, while the �nontopological� variables associated to the
nonuniform part are in a way just accompanying the soliton.
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This suggests that, within the framework of composite
models, the nonhomogeneous case can be studied as a �non-
singular� perturbation of the homogeneous case; needless to
say, by this we mean an analytical—albeit approximated—
study, and not just a numerical one. This represents a signifi-
cant advance with respect to what is possible with simple
models considered so far.
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APPENDIX: EXPLICIT EQUATIONS

In this appendix we collect some explicit equations that
we have not provided in the main text due to their complex
structure. The purpose of this is to enable the reader wishing
to enter into the details of our study to see the detailed equa-
tions, without interrupting the main stream of our discussion
by lengthy formulas, which are of little interest to the non-
specialized reader.

We start by providing the explicit form of the Euler-
Lagrange equations corresponding to the Lagrangian �4.1�.
With our choices for the different terms of L, see Sec. IV, and
writing â for the complementary chain of the chain a �that is,

1̂=2, 2̂=1�, these read

mr2�̈i
�a� + mr�R cos��i

�a�� + r��̈i
�a� + mrR sin��i

�a����̇i
�a��2

= Ksr
2 sin��i−1

�a� − �i
�a� + �i−1

�a� − �i
�a�� − 2adhKp sin��i

�a� + �i
�a�� − KsrR sin��i

�a� − �i−1
�a� + �i

�a�� − KsrR sin��i
�a� + �i

�a� − �i+1
�a� �

− Ksr
2 sin��i

�a� − �i+1
�a� + �i

�a� − �i+1
�a� � + dhKpR sin��i

�a� + �i
�a� − �i

�â�� + dh
2Kp sin��i

�a� − �i
�â� + �i

�a� − �i
�â��

+ R�dhKp + 2Ksr�sin��i
�a��;

mrR cos��i
�a����̈i

�a� + 2�̈i
�a�� + mr2�̈i

�a� + I�̈i
�a� + mr2�̈i

�a� + mR2�̈i
�a� − mrR sin��i

�a���̇i
�a���̇i

�a� + 2�̇i
�a�� = �Kt + KsR

2�sin��i−1
�a� − �i

�a��

+ KsrR sin��i−1
�a� − ��i

�a� − �i−1
�a� �� − Ksr

2 sin���i
�a� − �i−1

�a� � + ��i
�a� − �i−1

�a� �� − 2aKpR sin��i
�a�� − 2adhKp sin��i

�a� + �i
�a��

− KsrR sin��i
�a� + ��i

�a� − �i−1
�a� �� − KsrR sin��i

�a� − ��i+1
�a� − �i

�a��� + �Kt + KsR
2�sin��i+1

�a� − �i
�a�� + Ksr

2 sin���i+1
�a� − �i

�a�� + ��i+1
�a�

− �i
�a��� + KsrR sin��i+1

�a� + ��i+1
�a� − �i

�a��� + KpR2 sin��i
�a� − �i

�â�� + dhKpR sin��i
�a� + ��i

�a� − �i
�â��� + dh

2Kp sin���i
�a� − �i

�â�� + ��i
�a�

− �i
�â��� − dhKpR sin��i

�â� − ��i
�a� − �i

�â��� + Kh��i+5
�â� − 2�i

�a� + �i−5
�â� � . �A1�

Note that here a, R, and dh are considered as independent
parameters, i.e., we have not enforced the Yakushevich con-
dition R+dh=a �equivalently �0=0�.

In Sec. VII we considered the continuum approximation
for our model and in particular for Eqs. �A1�, but gave ex-
plicitly only the traveling wave reductions. Here we give the
complete form of the continuous Euler-Lagrange equations.

In the symmetric case, i.e., for ��1��x , t�=��2��x , t�
=��x , t� and ��1��x , t�=��2��x , t�=��x , t�, the resulting
equations are

mr2�tt + �mr2 + mRr cos ���tt

= − 2a�a − R�Kp sin�� + �� − R�2Kp�R − a� + mr�t
2�

�sin � + �2Ksr�r��xx + �xx� + R�xx cos �

+ R�x
2 sin ��;

�mr2 + mRr cos ���tt + �I + m�R2 + r2 + 2Rr cos ����tt

= − 2aKp�R sin � + �a − R�sin�� + ��� + m�t

�Rr��t + 2�t�sin � + �2�Ksr
2�xx

+ �Kt + Ks�R2 + r2���xx + KsRr���xx + 2�xx�

�cos � − �x��x + 2�x�sin ��� . �A2�

In the antisymmetric case ��1��x , t�=−��2��x , t�=��x , t�
and ��1��x , t�=−��2��x , t�=��x , t�, the resulting equations
are

mr2�tt + �mr2 + mRr cos ���tt

= Kp�a − R��R sin�� + 2�� + �a − R�sin�2�� + ���

− 2a sin�� + ��� + R�Kp�a − R� − mr�t
2�sin �

+ �2K − sr�r��xx + �xx� + R cos����xx

+ R sin����x
2�;

�mr2 + mRr cos ���tt + �I + m�R2 + r2 + 2Rr cos ����tt

= Kp„− 2aR sin � + R2 sin�2�� + �a − R��− 2a

�sin�� + �� + �a − R�sin�2�� + ��� + 2R

�sin�� + 2���… + m�trR��t + 2�t�

�sin � + �2�Ksr
2�xx + Kt�xx + Ks�R2 + r2��xx
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+ KsrR���xx + 2�xx�cos � − �x��x + 2�x�sin ��� .

�A3�

We will not write the equations in the cases of mixed
symmetry, i.e., for ��1��x , t�=��2��x , t�=��x , t�, ��1��x , t�
=−��2��x , t�=��x , t� and for ��1��x , t�=−��2��x , t�=��x , t�,
��1��x , t�=��2��x , t�=��x , t�.

In Sec. IX our numerical study was conducted within the
Hamiltonian formalism. The Hamiltonian �9.1�, with the no-
tation introduced there, reads

TB = �
i

IB��i�
2 + �i�

2� ,

Tb = �
i

Ib��i�
2 + �i�

2 + �i�
2 + �i�

2 + 2�i��i� + 2�i��i�

+ �2��i�
2 + �i�

2� + 2���i�
2 + �i�

2 + �i��i�

+ �i��i��cos �i cos �i + 2��2�i��i� + �i��i�

+ �i��i��sin �i sin �i� ,

Vt = 2Kt�
i

�cos �i� cos �i� − 1� ,

Vs =
1

2
Ksr

2�
i

4�1 + �2 − �2 cos��i��cos��i�� − cos��i�

+ �i��cos��i� + �i�� + 2� cos��Si� − Si��/2�sin���i�

− �i��/2�sin���i� − �i� + �i� − �i��/2� + 2� cos��Si�

+ Si��/2�sin���i� + �i��/2�sin���i� + �i� + �i�

+ �i��/2�� ,

Vp =
1

2
Kpdh

2�
i

4��1 + ��2 + cos2��i + �i�

+ 2� cos �i cos �i cos��i + �i� + �2cos2�i − 2��1

+ ��cos �i cos �i − 2�1 + ��cos��i + �i�cos��i + �i�� ,

Vh = Kh�
i

�2 − cos��i+5 − �i� − cos��i+5 − �i�� ,

Vw = Kw�
i

�tanh��i + �i� + tanh��i − �i�� . �A4�

As already remarked in Sec. IX, the Hamiltonian �A4�
reduces to that of the Yakushevich model setting �=�=0
�and disregarding the helicoidal term�; with this we get

TB = IB�
i

��i�
2 + �i�

2� ,

Tb = Ib�1 + �2��
i

��i�
2 + �i�

2� ,

Vt = 2Kt�
i

�cos �i� cos �i� − 1� ,

Vs =
1

2
Ksr

2�
i

4�1 + ��2�1 − cos �i� cos �i�� ,

Vp =
1

2
Kpdh

2�
i

4�1 + ��2�1 − 2 cos �i cos �i + cos2�i� ,

�A5�
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